LAAHIREER

PB96-152210 Information is our business.

NEWTON'S METHOD FOR FRACTIONAL
COMBINATORIAL OPTIMIZATION

STANFORD UNIV., CA

JAN 92

U.S. DEPARTMENT OF COMMERCE
National Technical Information Service

DR IIBL 10N ST ATEMENT B

Bpproved for public release;
Distribution Unlimited




REPORT DOCUMENTATION PAGE -

Form Approved
OMS No. 0704-0188

Puliiic FOBErarny Sureen 107 This CHIETEEN Of MIGITROtOR 1 SILMSY 10 SVOraps | Nour
mumoo“n—.nuuu:g— bod : B0 FOUSOME, sAchaling TG SRS fOr
aE, e RERPT

Brgen, t0 Warngton
[ o

27 [

Rl
' IZ. REPORT DATE

The COlOrDOn of wiermanen. mmu':'..mm‘-""—u-u-. ;

e FTLE ARD SUSTITLE -
x  Newton’s Method for Fractional Combinatorial Optimization

6 AUTﬂOaS)
. Tomasz Radzik

“

e
o
(o]
(@)]
)
Y
u

vm—
—
—
——
—
—
—

—
—
——

22

10
L

7. PERFORMING ORGANIZATION unms’ AND ADDIESS(!S‘

t Compﬁfer S&ace Department
Stanford University
Stanford, CA 94305

8. PERFORMING ORGANIZATION
REPORT NUMBER

STAN-CS-92-1406

9. SPONSORING / MONITORING AGENCY NAME(S) AND ADORESS(ES)
ONR

Arlington, VA 22217

10. SPONSORING / MONITORING |
AGENCY REPORT NUMBER

0
11. SUPPLEMENTARY NOTES

e ———————— T T YTy T
122. DISTRISUTION/ AVARLASILITY STATEMENT

126. DISTRIBUTION CODE

e e —————
13. ABSTRACT (Maximum 200 words)

R

We consider Newton’s method for the linear fractional combinatorial opti-
mization. First we show a strongly polynomial bound on the number of
iterations for the general case. Then we consider the transshipment prob-
lem when the maximum arc cost is being minimized. This problem can be
reduced to the maximum mean-weight cut problem, which is a special case
of the linear fractional combinatorial optimization. We prove that Newton's
method runs in O(m) iterations for the maximum mean-weight cut prob-
lem. One iteration is dominated by the maximum flow computation, so the
overall running time is O(m3n). The previous fastest algorithm is based an
Meggido’s parametric search method and runs in O(n’m) time.

6. SUBIECT TEAMS

e — Y r———— =TV VI
18. SECURITY CLASSIFICATION |19,

17, SECURITY CLASSIFICATION
OF REPORT OF THIS PAGE

#’
SECURITY CLASSIFICATION
OFf ASSTRACT

15. NUMBER OF PAGES
16. PRICE CODt

e v VYV T YW
20. LIMITATION OF ABSTRACT

——
NSN 7540-01-280-5500

Standard Form 298 (Rev 2-89)
Srancrion® Ov 3M% '3 19-°8 .



BIBLIOGRAPHIC INFORMATION
PB96-152210
Report Nos: STAN-CS-92-1406
Title: Newton’s Method for Fractional Combinatorial Optimization.
Date: Jan 92
Authors: T. Radzik.

Performing Organization: Stanford Univ., CA. Dept. of Computer Science.

Sponsoring Organization: *Office of Naval Research, Arlington, VA.*National Science
Foundation, Washington, DC.

Contract Nos: NSF-CCR-8858097 _

NTIS Field/Group Codes: 72E (Operations Research)

Price: PC A03/MF A0l |

Availability: Available from the National Technical Information Service, Springfield,

" Number of Pages: 25p

Keywords: *Combinatorial analysis, *Optimization, *Newton methods, Iteration,
gorithms, .Run time(Computers), Transshipment networks.

Abstract: We consider Newton’s method for_the Tinear fractional combinatorial
optimization. First we_show a strongly polynomial bound on the number of iterations
for the general case. Then we consider the transshipment Erob]em when the maximum arc
cost_is being minimized. This problem can be reduced to the maximum mean-weight cut
roblem, which is a special case of the linear fractional combinatorial optimization.
e prove that Newton’'s method runs in O(m) iterations for the maximum mean-weight_cut
problem. One iteration is dominated by the maximum flow computation, so the overall
running time is O(m squared n). The previous fastest algorithm is based on Meggido’'s
parametric search method and runs in optimum O(n cubed m) time. :



January 1992 Report No. STAN-CS-92-1406

AR \\l\\l\\\\\l\\l\\

PB96-152

Newton’s Method for Fractional Combinatorial Optimization

by

Tomasz Radzik

Department of Computer Science

A Stanford University
Stanford, California 94305

National Technical Information Service



Newton'’s Method for Fractional Combinatorial Optimization

Tomasz Radzik *

Abstract
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1 Introduction

A linear fractional combinatorial optimization (LFCO) problem is defined as follows. A
specification of a system & C {0,1}? and two vectors (@1,a2,---,8p), (b1,b2,...,b,) € R?
are given.

| a121 + G222 + -+ GpZp
bizy + boZa + -+ bpZp

X belongs to some specified class of systems. Vector (z1,22,...,2p) € &, Tepresents some
structure, a subset of some underlying set of p objects. a; and b; are the cost and the
weight of object i. 3T GiTi, 2t biTi, and (X2, a;zi)/(TF-; biz;) are the cost, weight,
and mean-weight cost of the structure represented by (21,22, -.,Zp). In an LFCO problem

subject to (zl,iz,. .., Zp) € X.

Maximize ,

we are asked to compute the maximum mean-weight cost of a structure in X. We also want
to find a structure which has the maximum mean-weight cost.
For example the maximum mean-weight spanning tree problem is an LFCO problem.
In this problem the class of systems is the class of sets of all spanning trees in graphs:
{{T|T - spanning tree in G} | G ~ graph}.

The description of graph G = (V, E) is the specification of &g C {0,1}™, the set of (the
characteristic vectors of) all spanning trees in G (m = |E [). The underlying set of objects
for Xg is the set of edges in G. Vector (21,22, .- ,Zm) € X Tepresents spanning tree Tin
G such that edge i belongs to T iff z; = 1. Numbers a;, @z, .. ., am are the costs of edges and
b1,bs, ..., bm are the weights. The task is to find a spanning tree in G with the maximum

mean-weight cost. .

We will use bold letters to .denote vectors and corresponding italic letters to denote
their coordinates, for example x = (21,232, ...,Zp). For two vectors a and x of equal length,
ax denotes the scalar product of a and x, i.e., 8x = @121 + @22 + - -+ GpZp- With this

notation an LFCO problem is to
(P1) maximize %x;, subject to x € &.

We assume that bx > 0 for all x € X, and ax > 0 for some x € X'. Problem (P1) can be
equivalently formulated in the following way: :

(P2) minimize §, subjectto (ax)- 6(bx) <0, forall x€ &.

Let §* denote the minimum we are looking for. Let

h6) = max{(ax)- 6(bx)}. | (1)
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Function h(6) is convex, piecewise linear, decreasing, and §* is its only root. We assume
that we can maximize any linear function over &, so for any § we can compute h(§) and
x € X such that (a — é6b)x = h(6). Let A be an algorithm which does such computation
and let T be its running time. Having such an algorithm enables us to compute §* with
Newton’s method. We show that Newton’s method finds 6= in O(p*) iterations. This
bound on the number of iterations is independent of the complexity of the class of systems
which X belongs to, and independent of the complexity of computing h(§). One iteration
is dominated by algorithm A4, so the overall time is O(p*T).

The other way of computing §* is Megiddo’s parametric search method [8]. This ap-
proach gives an algorithm with running time O(T%(T"'log @ + Q)), where T" and T, refer
to the sequential running time and the parallel running time on @ processors of computing
the sign of h(§) for a given §. Thus an efficient algorithm for an LFCO problem can be
obtained if an efficient parallel algorithm for the corresponding nonfractional problem is
available.

If costs and weights are integers from [-U, U], then using the straightforward binary
search we can find in O(log(pU)) iterations an interval I of length less than 1/(pU)? which
contains §*. One iteration is dominated by computing the sign of k(8) for an appropriate
6. An interval of length less than 1/(pU)? can contain at most one mean-weight cost. The
overall time of this approach is O(T"log(pU) + T).

In the second part of the paper we consider the minimum maztmum arc cost trans-
shipment (MAC) problem, which is the transshipment problem when the maximum of the
arc costs is being minimized. This problem can be reduced to the mazimum mean-weight
cut (MWC) problem, which is an LFCO problem. ‘The underlying nonfractional problem
is the standard maximum flow problem. This problem does not have an efficient parallel
algorithm. Nevertheless, up to now, Megiddo’s method gave the best known upper bound,
namely O(mn3) [8], for the MWC and MAC problems. We show that Newton’s method
applied to the MWC problem runs in O(m) iterations. One iteration is dominated by max-
imum flow computation, so the overall running time is O(m?n). The same bound holds for
the MAC problem.

2 Newton’s Method for Linear Fractional Combinatorial
Optimization

The following is Newton’s method for computing the root §* of h(§) (defined in (1)).

2
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Figure 1: Newton's method for solving h(6) = 0

Let § < & be the current estimation to 6. Initially § = 0. (Observe that our as-
sumptions guarantee §~ > 0.) During one iteration we compute k(&) and X € X such that
k() = (ax) - §(bx), i.e., we maximize linear function (a - 5b)x over X. This is done by
algorithm A. If k(&) = 0, then & = § and the algorithm terminates. Otherwise we compute
the next estimation § « aX/bx, the mean-weight cost of %, and go to the next iteration.

The process is illustrated in Figure 1.

Let §; be the value of § at the beginning of ith iteration, and x;, H;, and B;, be X,

(a - 6;b)x, and bx from this iteration.

H; = (a-6b)x; = max{(a—§b)x|x€ x},

B; = bxn
ax;
6£+1 - bx.. ’

and it can be easily derived that

(2)

5:’+1 -6 =

|




The following lemma indicates fast convergence of the above algorithm.

Lemmal

Hiy1 | Bina
—_ 4 —= <1, .
7 + B, S 1 (3)

Proof. Vector x; maximizes (a — §;b)x, so
(a-&b)x; > (a-é&b)xi.

Therefore

$
N

(a— 5,~b)x,- > (a-é&b)xiys
= (a- &iy1b)xip1 + (6iy1 — &;)bxipy

= Hip+ E?Bi-n-

This implies Inequality (3). =

The above lemma gives immediately the following bound on the number of iterations.

Theorem 1 I in an LFCO problem the coordinates of vectors a and b are integers from
[-U, U], then Newton's method finds the optimum in O(log(pU)) iterations.
Proof. Inequality (3) implies
H;1Bina <! (4)
H;B; ~— 4
For any 7 for which H; > 0,

1
2 > :B. —
(pU)" 2 H;B; > o7 (5)

The second inequality holds because

ax;bx;_; — ax;_;bx;
bx;-1

H; =

vV

L
pU’
Inequalities (4) and (5) imply the bound of O(log(pU)) on the number of iteration. ®

The special case with uniform weights, i.e., b = (1,1,...,1), is of independent interest.
The task here is to find the mazimum mean cost of a structure. Sequence (B;), excluding the
last iteration, is decreasing. This implies the following strongly polynomial bound, which
was observed by Karzanov [11] and, in the context of the maximum mean cut problem, by
McCormick and Ervolina [7].

Theorem 2 If the weights are uniform, then Newton’s method runs in at most p+1 iterations.

4



Now we prove a strongly polynomial bound on the number of iterations for the general
case, when both costs and weights can be arbitrary real numbers. The intuition behind
the analysis is as follows. Lemma 1 suggests that there are some sequences related to the
rate of convergence of the method, which tend to zero at least geometrically fast. The
elements of these sequences are obtained from only 2p numbers, the costs a1, as,...,ap,
and the weights b;,b;...,b,, using only O(p) additions/subtractions and at most one or
two multiplications/divisions. We show that because of this limiting use of arithmetical

operations, the lengths of such sequences cannot be too big.

‘To expand this intuition a little bit, let us assume that B;; /B; £ 1 - a, for some
positive constant a, that is sequence (B;) tends to zero at least geometrically fast. Each
element of sequence (B;) is a sum of different elements from {b;,bs,...,bp}. Let us further
assume that by > b, > -+ > b, > 0. Obviously B; < pb;. Since (B;) decreases at least
geometrically, for some ! = O(logp), Bi < b;. It means that b; is not a term in B, nor is
it in B;, for any i > I. B; < (p — 1)bz, and the next O(logp) elements of (B;) exclude b,,
then bs, and so on. Therefore the length of sequence (B;) is O(plogp).

There are two reasons why the general case is more complicated. First, we have to deal
with positive and negative numbers. Even if both costs and weights are positive, negative
numbers appear because subtractions are used in forming the elements of (H;). Second, if
(B;) does not decrease fast enough, then we have to use sequence (H;), whose elements are
not just subsums of some given set of numbers. The following lemma is our tool to deal
with both positive and negative numbers. Here the coordinates of vector ¢ are numbers

which are used to form sums, and (yxc) is a sequence of such sums.

Lemma 2 Let c € R? and y; € {0,1}?\{0}, for k =1,2,...,q, be such that
1 .
IYk-l—lcl < prlykcla fork=1,2,...,9-1. (6)

Then ¢ < p.

Proof. Assume that ¢ > p. Let Y denote the matrix whose rows are vectors y1, ¥z, - - -
¥q- Since ¢ > p, there is a nonzero vector z € R? such that zY = 0. Moreover, 2 can be
chosen in such a way that all its coordinates are rational numbers with denominators and
enumerators being the determinants of submatrices of Y. Let z = (21, 22,. . ., zq‘) be such a
vector. Thus, fori=1,2,...,q, either 2; =0 or

1—} < |zl <2 (@)




We have

0=2zYc= z(y1¢) + z2(y2¢) + - - - + 2(¥4C)-
But this is not possible, because the nonzero terms on the right side cannot cancel. Since
y,,#O,soforsomelSiSq-l,z;;éO,a.ndz,-y,-c;éO. If1<i<j<gqand zy;c # 0,
then (6) and (7) imply

1 1
(v 2P|,  —_lv.el = —|2:(v:
IzJ(ch)I <p |zt]p3pIY1c| = pplzt(Yzc)l-
N
Lemma 3 There are at most O(p? logp) iterations k such that By < %Bk.

Proof. Consider the sequence of all iterations k such that Byy; < 2B,. Take from this
sequence every lth iteration, where I = [6plogp]. Let they be iterations 41,1s,...,%. For
1<k<g-1, 1

B, < (g) B;, < ;31;3{,-
Lemma 2 implies ¢ < p, which implies O(p® logp) bound on the number of iterations k such
that Bpsy < 2Bi. ® '

Lemma 4 There are at most O(p?logp) consecutive iterations k such that Bryy > 2 By

Proof. Consider a sequence of consecutive iterations ¢, i + 1, ..., j, such that for each
i<k<j-1:
Bk+1 > —Bk. (8)

This and Inequality (3) imply that for eachi <k < j-1:
1
Hpyy < §Hk-
Therefore 7 q
1 1
) -6 = 2kl < =2k = - - . 9
k2= b1 = o S @ 2(5k+1 6k) (9)
Let I = [3plogp] + 1. Consider the sequence of every Ith iteration out of iterations i,
i+1,..., 7. Let they be iterations i;,45,...,%,. We show that Lemma 2 can be applied
to the sequence (x;,-1(—a + §; b)), where 1 < k < ¢. This is a sequence of subsums of
P _i(—ar + 8 b,). First we estimate the rate of convergence of sequence (85,) to &;,. For
1<k<g-2, '

8ip = 8ipyy S (8iy = Gigm1) + (Bigm1 = Sigm2) + -+ (Bipyy 1 — 8iny)

6



1

o 1 1
(6ih+1+1 - 6ih+1)(1 + '2' + Z +-t m)

IA

< 2(6ik+1+1 - 5ik+1)

1 (r41-ix) ‘
2 (5) (6ik+1 - 6:})

< 2(2) -8

1
< p"'3;(6iq - 6'&)'

IA

The inequalities in the second and fourth lines follow from Inequality (9).
Recall that §;41 = (ax;)/(bx;), sofor k=1,2,...,q,
Xi,-1(—a + 6, b) = (8, — &, )bxi 1.
Put

c = —-a+é§b,
Ye = X;-1, for k=1,2,...,q.

We have for k = 1,2,....,q— 1,
1 . 1
Yi+1€ = By -1(8, — 6ipyy) < Biy—z p—s;(&, -&,)= P

Thus vectors ¢ and y;’s satisfy the conditions of Lemma 2, so ¢ < p. It means that there
are at most O(p®logp) consecutive iterations for which Inequality (8) holds. =

Lemmas 3 and 4 immediately imply the following strongly polynomial bound on the

number of iterations.

Theorem 3 Newton’s method applied to an LFCO problem finds the optimum in O(p* log? p)

iterations.

If the weights are nonnegative, then there are at most O(plogp) iterations with Bi41 <

2 By.. Therefore in such a case Newton’s method works in O(p®) iterations. *

3 Minimum maximum arc cost transshipment problem

A (transshipment) network G = (V,E,u,d) is a digraph (V,E) with a capacity function
u: E — RU{+o}, and a demand function d : V — R such that 3,y d(v) = 0. We

7




assume, for convenience in presentation but without losing generality, that F is symmetric
and u is nonnegative. Negative d(v) means that v is a source - a vertex with supply, positive
d(v) means that v is a sink- a vertex with demand. Let n and m denote the cardinality of

V and the half of the cardinality of E, respectively. We assume m > n.

We adopt the convention that any function ¢ : F — R is extended to all finite subsets
of F: o(A) =3 ,ca¢(z). Thusif A CV, then d(A) = 3¢ 4 d(v), which is the net demand
in A. The total demand in G is d(G) = T,.4(v)>0 4(v)-

A pseudoflow in G is an antisymmetric function f : £ — R, i.e., for every (v,w) € E,
f(v,w) = —f(w,v). A psendoflow f creates excesses at vertices: the excess at vertex v is
ef(v) = Swww)ee f(w,v). I ef(v) = d(v), then we say that pseudoflow f satisfies the
demand at vertex v. A flowis a pseudoflow f that meets capacity constraints and does not
increase demands: f(w,v) < u(w,v), for every arc (w,v) € E, and ef(v) is between 0 and
d(v), for every v € V. A transshipment is a flow which satisfies demands at all vertices.
G is feasible if there is a transshipment in G. The transshipment feasibility problem is the
problem of verifying if a given network G is feasible. For a pseudoflow f in G, the residual
network Gf is (V,E,vf = u - f, d? = d — ef). G denotes G with the capacity function
changed to @. Thus GI = (V, E, %/, d%). N

If S and T partition V, then cut (S,T) in G is the set of arcs (v,w) of E such that
v € § and w € T. The capacity and the surplus of a cut (S5,T) are u(S5,T) = X ¢(s,1) u(e)
and surplus(S,T) = d(T) — u(S,T), respectively. Our definition of surplus(S,T) is the
same as in [7] the definition of V(T, S), the value of a cut (T, S). It is easy to verify that
the surplus of a cut is the same in G as in G_f for any flow f. A positive surplus means
that the cut blocks the flow. Any flow must leave at S at least the amount surplus(S,T)
of the commodity, which is demanded at T. Let mean(S,T) = surplus(S,T)/|(S,T)|
be the mean surplus of (S,T) in G, and, if a weight function b : E — R is specified,
mean_w(S,T) = surplus(S,T)/b(S,T) be the mean-weight surplus of (S,T)in G.

Tﬁe minimum cost transshipment problem, which is often refer to as the transshipment
problem, is to compute for a given network G and a given cost function ¢ : E — R, the
minimum cost of a transshipment in G, when the cost of transshipment f is 3¢5 f(e)e(e).
This prbblem has been well studied, often as the minimum cost circulation problem (these
problems are reducible to each other in linear time). Fastest currently known algorithms for
this problem can be found in [1, 2, 4, 9, 12]. In this paper we are interested in the problem

of minimizing the maximum arc cost instead of the sum of arc costs. Here is the list of the



transshipment problems we consider. They are closely related to each other. We assume

that cost functions and weight functions are nonnegative.

Minimum maximum arc cost transshipment problem (MAC)
A transshipment network G and a cost function ¢ : E — R are given. Compute the "

minimum of the maximum arc cost over all transshipments in G, that is, compute
&= min{meabx{f(e)c(e)} | fis a transshipment in G}.
€

Minimum maximum capacity violation cost transshipment problem (MCVC)
A transshipment network G is given, which might not be feasible. The objective is to
obtain a feasible network by increasing the capacities. A weight function b: E — R
is given, which speciﬁes by how much the capacities of the arcs can be increased in
unit cost. It means that the cost of increase of the capacity of arc e from u(e) to
u(e) + £ is £/b(e). Compute the minimum of the maximum cost of increasing the

capacity of an arc, that is, compute

6" = min{§ > 0| Gy+s»is feasible}.

Minimum maximum capacity violation transshipment problem (MCV)
This is the MCVC problem with the uniform weight function: b = 1.

Maximum mean-weight cut problem (MWC)
A transshipment network G and a weight function b : E — R are given. Compute
the maximum mean-weight surplus over all cuts with nonnegative surplus, that is,
' compute

surplus(S,T)

& =max{—E T

| (S, T) cut in G with nonnegative surplus}.

Maximum mean cut problem (MC)
This is the MWC problem with the uniform weight function. It means that we are

asked to find

surplus(S,T)

" =max—Ey

| (§,T) cut in G with nonnegative surplus}.

A cut with the maximum nonnegative mean-weight surplus and a cut with the maxi-

mum nonnegative mean surplus we will call a mazimum mean-weight (surplus) cut and 2

9




mazimum mean (surplus) cut, respectii'ely. We formulated the above problems in a way

- that the minimum or the maximum value is sought, not the corresponding optimal flow or

cut. We did it only for convenience in further presentation. The algorithm we discuss in
the next section and actually all other algorithms for the above problems compute both the

optimal value and the corresponding optimal structure (transshipment or cut).

As mentioned in [8], the problem of minimizing the maximum arc cost appears, for
example, when it is desirable not to use an arc at its full capacity. Each arc e has some
safety level s(e) and the ratio f(e)/s(e) is sought to be minimized, with the general objective
of getting the maximal ratio as small as possible. The MAC problem captures also the
following dynamic situation. The network is in continuous activity, that is, the sources
continuously keep producing commodity and sending it to the sinks. The objective is to
maximize the throughput. More formally, suppose 1/¢(e) is the amount of the commodity
which can be shipped through arc e in unit time. It means that the shipment of f(e) units
through e takes f(e)c(e) time. Further suppose that every source s generates —d(s) units
of the commodity every T units of time and sends it out, and every sink £ has to get d(t)
units of the commodity every 7 units of time. Then the optimal 6~ in the formulation of
the MAC problem is equal to the minimal possible T such that no congestion arises at any

vertex.

Before discussing the previous work relevant to the problems in which we are interested,

we first establish relation between them.

The value of a flow f is the amount by which f decreases the total demand: value(f) =
> vid(v)>0 e (v). A mazimum flowin G is a flow in G of the maximum value. The mazimum
flow problem is the problem of finding a maximum flow in a given transshipment network.
A mazimim (surplus) cut is a cut with the maximum nonnegative surplus. The mazimum
(surplus) cut problem is the problem of finding a maximum cut in a given transshipment

network.

The transshipment feasibility problem, the maximum flow problem and the maximum
cut problem are the nonfractional/nonparametric problems that correspond to our frac-
tional /parametric problems. The transshipment feasibility problem and the maximum flow
problem can be easily reduced to the standard maximum flow problem. A maximum flow
in a transshipment network can be used to find 2 maximum surplus cut, in a similar way as
5. maximum flow in a standard maximum fiow network can be used to identify a minimum
capacity cut. Let Tup(n,m) denote O(M(n,m)), where M(n,m) is the time complex-

10



ity of the standard maximum flow problem. The transshipment feasibility, the maximum
flow in a transshipment network, and the maximum surplus cut problems can be solved in
Twmr(n, m) time. Currently it is known that Tmr(n, m) = O(nm log(n?/m)) [3], and slightly

better bounds exist for dense graphs.

Let for a transshipment problem P, Tp(n,m) denote its time complexity. The following
theorem shows close relation between the MAC problem and the MCVC problem.

Theorem 4

1" Tmcve(n,m) < O(m) + Tmac(n,2m).

2. Tyac(n,m) < O(mlogm) + Te(n,m)O(logm) + Twcve(n,m).

Proof.

1. For a given instance J of the MCVC problem construct an instance I’ of the MAC
problem in the following way. Replace each arc e in I with two parallel arcs e; and
es. Put u/(e;) = u(e), ¢'(e1) = 0, v'(ez) = +o0, ¢'(e2) = 1/b(e). The demand function
in I' is the same as in J. A solution (transshipment) to I’ gives in the natural way

the solution to I.

2. Let &~ be the solution to the given instance J of the MAC problem. It is easy to see
that §* < & if and only if Gmin{u,6/c) is feasible. Therefore

& = min{6 > 0| Gpmin{u,5/c} is feasible}.

To get an instance of the MCVC problem, it is enough to know for each arc e, if
u(e) is essential, i.e., if u(e) < §*/c(e). We sort the list {u(e)c(e) | e € E} and using
‘binary search we find the position of §™ in it. This takes Tmr(n,m)O(logm) time.
Now we construct an instance I’ of the MCVC problem. The underlying graph and
the demand function remain without changes. The capacities and weights are defined

as follows. A
oy pron  J (u(e),0) if u(e)e(e) < 67
(w'(e), Be)) ‘{ (O,i/c(e)) if u(:)c(:) > 6.

6*, the solution to I, is also the solution to I'.
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Let mean_ws(S,T) denote the mean-weight surplus of (S, T) in Gyu4s. Then
mean.ws(S,T) = mean_w(S,T) - 6.

It means that the maximum mean_w(S,T) is equal to the minimum é for which G4 does
not contain cuts with positive surplus. Therefore the following theorem implies that the
MCVC problem and the MWC problem are equivalent (and so are MCV and MC), i.e.,

min{§ > 0| Gy4seis feasible} =

max{mean_w(S,T)|(S,T)cut in G with nonnegative surplus}.

Theorem 5 [5] G is feasible iff there is no cut in G with positive surplus.

The MWC problem is an LFCO problem. &g C {0,1}™*™ corresponds to the set of all
cuts in G. Vector x € Xg represents cut (S,T) suchthatfor 1 <i<mn,z;=1iff v; € T,
and for 1 < j < m, zn4; = 1iff e; € (S, T), where v; is the ith vertex and e; is the jth arc.
Vector a from the formulation of an LFCO problem is here (d, —u), where d and u are the
vector representations of functions d and u. If x represents (S, T'), then ax and bx are now
surplus(S,T) and b(S,T).

Megiddo [8] showed how to solve the MAC problem with his parametric search method.
This method gives an O(nm) running time and can give a better time only if a break-
through in parallel maximum flow computation is achieved. Binary search solves MAC with
integral data in O(Tmr(n,m)log(nU)) time. More is known about the case with uniform
weights. McCormick and Ervolina [7] proposed an algorithm for computing a maximum
mean cut. This algorithm is essentially an application of Newton’s method. They showed
an O(m) bound on the number of iterations (see Theorem 2). One iteration is dominated
by maximum flow computation. We were able to prove that the number of iterations in
this algorithm is in fact ©(n) [10], so the time complexity of MC, as well as MCV and
MAC with uniform costs, is O(n2m). For these problems the bound O(Tmr(n, m)log(nU))
can be improved to O(nmlog(nU)) by using approximate maximum flow computation in

connection with either Newton’s method [10] or binary search [6].

In the next section we prove an O(m) bound on the number of iterations in Newton’s
method applied to the MCVC problem. This implies an O(Tmr(n, m)m) = O(m?n) bound
on the time complexity of MCVC, MAC and MWC.
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4 Newton’s method for the MCVC problem

A transshipment network G and a (nonnegative) weight function b are given. We assume
that G is not feasible. Gs stands for G, 46, and generally subscript é indicates that the

underlying network is Gy+s5. We want to find
§ = min{é | Gsis feasib}e},
which, as mentioned in the previous section, is equal to
max{mean_w(S,T)|(S,T)cutinG}.
The function h(§) used in the discussion of a general LFCO problem in Section 1 is now
h(6) = max{surplus;(S,T)|(S,T)cutinG }.

h(6) is also equal to the total demand left in Gg , where f is 2 maximum flow in G;.

We describe the way Newton’s method finds &*, the root of h(6). Let § < 6* be the
current (under)estimation of §*. Initially & = 0. During one iteration we find 2 maximum
cut (5,T) in G;. This is done by computing a maximum flow f in G;. If the surplus of
(8,T)is zero, i.e., if f is a transshipment, then §* = & and algorithm terminates. Otherwise
we compute the next estimation § = mean_w(S,T') and go to the next iteration. Moving to

the next estimation should be seen as increésing the capacity so that the surplus of (S, T)

decreases to zero.

For any flow f in G, the surpluses of cuts are the same in G as in G¥. It means that
in the current iteration we can perform computation on any residual network of G instead
of on G; itself. In the analysis we assume that the network in the current iteration is G{:,
where f is the sum of the maximum flows computed in all previous iterations. It means

that f is 2 maximum flow in Gy, where §' is § from the previous iteration.

Let §; be & at the beginning of iteration ¢, and (S;, T;) be the cut found in this iteration.
B;, and H; from Section 2 have here the following meaning.

B; = bS,T),
H; = k(&) = surplus(S;,T;) — &:b(S;, Ts).

Let f; be the sum of the flows computed through iteration i. Flow f; is a maximum flow in

Gs;. H; is the total demand in G{:.
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Theorem 1 implies that if the capacities and the weights are integers from [-U, U],
then the algorithm runs in O(log(nU)) iterations. The weights are nonnegative, so the
remark after Theorem 3 implies the strongly polynomial bound of O(m?) on the number of

iterations. In this section we show an O(m) bound on the number of iterations.

An arc e is unessential in G, if its capacity is greater than the total demand or its
weight is greater than the weight of a maximum surplus cut. When we use expression “e is
unessential” in the context of the algorithm, we mean that e is unessential in the current
network. If an arc is unessential in Gg , for some § > and flow f in Gj, then it is unessential
in Gﬁ'gf.’, for any § > 0 and any flow f' in Gg 45 Increasing & increases the capacity of
an arc and decreases the maximum surplus of a cut; augmenting with a flow may decrease
the capacity of an arc but by not more than it decreases the total demand. Therefore if
at some point in the algorithm some arc is unessential, it remains unessential through the
end of the computation. An unessential arc cannot belong to a maximum surplus cut. We

show-that few iterations are enough to make a new arc unessential.

Lemma 5 From the iteration i + 2 on, the (current) capacity of cut (S;,T;) is greater than
Hiya.

Proof. At .the beginning of iteration i + 1 the capacity of cut (S;,T;) is equal, by definition,
to H;, the remaining total demand. In iteration i + 1 the capacity of each cut decreases by
at most H; —AH,-.,.I and then increases by (H;+1/B;+1)B, where B is the weight of this cut.
It means that in iteration i + 1 the capacity of cut (S;,T;) first decreases but does not go
below H;,;. Then it increases»By more than H;,;, because its weight is greater than B;.;.
Therefore at the end of iteration i + 1 the capacity of (S;, T;) is greater than 2H;,;. From
now on the capacity of (S;,T;) is always greater than H;.,, because the total decrease of
this capacity cannot be greater than' the total demand left after iteration i + 1, which is
Hips.

Putting the above argument in a more formal way we get the following bound on the

capacity of (S;, T;) at the beginning of iteration i+, where [ > 2. According to our notation,

the capacity function at the beginning of iteration ¢ + [ is uﬁ::“

u.f.'-u-x ( S;, Ti)

bitt

uf (S, T:) + (61 — 6:)Bi — (Hi = Hipg-1)
(8i41 = 641)Bi + (8i41 — 6;)Bi — Hi + Hipi
(8i41 — 6541)B; + Higi-1

> (biv2 — 6i41)B;
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> (bit2 ;.6£+1)Bi+1
= Hi+1-

We first prove an O(mlogm) bound to show the main idea. To prove an O(m) bound,

we will need a finer accounting strategy.
Theorem 6 Newton’s method solves MCVC in O(mlogm) iterations.

Proof. We use Inequality (4) to show that after O(logm) iterations a new arc becomes
unessential. Let the current iteration be the ith one. Let I = |logm| + 2. It follows from
Inequality (4) that )
HiniBivi < —HinnBipa. (10)
If B;41 < 1 B;, then there exists an arc e € (5;, T;) such that b(e) > B;4;. Such an arc
is unessential from iteration 7 + [ on. '
If Biy1 > 1B, then By > 1Biy; as well, and Inequality (10) implies that Hiyy <
% :+1. Lemma 5 says that the capacity of (S;, T;) at the beginning of iteration 1 +1+1

is greater than Hj,i, so its greater than mH;y,;. It means that the capacity of some arc in

(5, T;) in Gl (which is the network at the beginning of iteration i + I + 1) is greater

bigis1
than H;,;, the total demand in Gg‘:::“ . Such an arc is unessential from iteration i + 1+ 1

on. m
Theorem 7 Newton’s method solves MCVC in O(m) iterations.

Proof. Lemma 1 implies that for each iteration 2, -

B; 1 ‘
B, S 3 (11)
or E
i 1
< -,
A ) (12)

We first bound the number of iterations i for which (11) holds. Let (u;){, be the sequence
of B;’s in these iterations and (a;)%_; be the positive b;’s arranged in nonincreasing order.
It is easy to see that sequences (a;)5_; and (u;)%, satisfy the conditions of Lemma 6, so
gspsm.

Now we bound the number of iterations i for which (12) holds. Here the argument is
more involved, because H;’s are not just subsums of a set of m elements. They are related

to the current demands and capacities, which vary from iteration to iteration.

15




To avoid towering subscripts, we renumber iterations taking into an account only itera-
tions with (12). It means that now iteration  is what used to be the ith iteration with (12).

All subscripts refer to the new numbering.

We assign iterations to arcs in such a way that at most 5 iterations are assigned to one
arc. We stop the process of assigning when all but at most ¢ + 2 = [log m] + 5 iterations
have been assigned. Assume that there are still at least ¢ + 3 unassigned iterations. Let
iteration ¢ be the first among them. Consider cut (8;,T;). Let p be its cardinality. Let for
1<j<pand1<I<g,m,; be the capacity of the jth arc in (S;,T;) (assuming any order
on the arcs in (S';, T;)) at the beginning of iteration i + [+ 2. It follows from Lemma 5 that
foreach1<1<g, )

> ;> Hin- (13)
i=1
For each arc, the difference between its capacities at the beginning of iterations ¥ + 1 and
k + 2 is not greater than the total demand at the beginning of iteration k + 1, which is H.
It means that A
1 = 141,51 £ Higia < %H"ﬂ- (14)
The definition of g, (13), and (14) imply that matrix (v,;/Hi+1) satisfies the conditions of
Lemma 7. It means that there exists k > 3 such that at least k — 2 elements from ¥i 1, V.2,
.+« Ykp aTe greater than 1 J2%H;.1 > Hiik41- Therefore the arcs corresponding to these
k — 2 elements are unessential at iteration ¢ + k + 2. We assign iterations ¢ through i +k+1
to these arcs. Notice that none of these arcs was unessential at iteration 7, so none of the

previous iteration was assign to any of them.

During this process of assigning iterations to arcs, no more than 5 iterations are assign
to one arc, and no more than O(logm) iterations are left unassigned. We conclude that
there are at most 5m + O(logm) iterations for which (12) holds. =

Lemma 6 Let a; > 02> --->a, >0and g3 > pz > ... > pg > 0 be such that
1 g < %p.,-, fori=i,2,...,q—1,
2. pg 2 op,
3. mi <Y {ajlaj <}, fori=1,2,...,q

Then ¢ < p.
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Proof. Let &; = a;j + aj41 + - - - + ap. Condition 3 implies that p; < &;. Thus, to prove
g < p, it is sufficient to show that each of the intervals (0,8p), (@p,Bp-1], - -+ (@3,a2),
(@3, &;) contains at most one element from (p:). Condition 2 implies that only the last
element can be in (0,&,). Let forsomel1 < j<p-landl1<i<g¢-1,m€ (&j+1, ;)
We show that piy; < &j4a.

a2 %&5, then

Ifaj. < %&j, then
1 1_ 1_ " ~ - 1_
pisr S gpi S 585 = 585+ (5 + & - &;) = (8541 = 5&) + 2 < oj.
The above inequality and Condition 3 imply piy1 £ @j41- B
Lemma 7 Let (a; ;) be a ¢ X p matrix such that
1. g>logp+3,

2. the sum of each row is not less than 1,
3. |ais1j — @il £1/2,, for 1<i<gand1<j<p.
If a; i > 1/2%, then we call this and all subsequent elements in column j good elements. There
is k > 3 such that row k contains at least k — 2 good elements.
Proof. Condition 3 implies that if 1 <# <" < gand 1< j<p, then
1
apr; < ap g+ 5—17-_—1- (15)

If a; ; is the first good element in column j and ¢ > 2, then

1 1 1 1 (16)

@i < ai-1,5 + 2i-1 < 9i-1 + 9i-1 - 9i-2°

Assume that for all k£ > 3, row k contains at most k — 3 good elements. We will get
contradiction by showing that the sum of the last row is less than 1. Let j1,72,..-,J1 be
the indices of all columns with at least one good element. Let @y, j,, @iz y- - -1 ®irg e
the first good elements in these columns. Let ji,J,...,J be ordered in such a way that

i; < i < -+- < 4;. Row i} contains at least k good elements (Cip 5 s Xingos - -y Qiy 4z ) SO

ir>k+3. (17)
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The sum of the last row is at most

p-1

2q +a9xj1+aq)j2+.‘.+aqﬂ.l
P 1 1
SEE‘*‘(ai;,j;+5,:Tl’)+"'+(aihjl+§-i}—:f)
1 1 1 1 1
S§+(§;1T2+2,-1—_1)+"'+("22_,_2+2£,-1)
"‘1+6(1+ +1>
T8 21 2
1 1 1
< = — 4.
"8+6(24+28+ )
<1

The first inequality follows from (15), the second one from (16) and Condition 1, and the
third one from (17). m

5 Concluding Remarks

We proved that Newton'’s méthod solves a linear fractional combinatorial optimization prob-
lem in a strongly polynomial number of iterations. We did it by combining the fast con-
'vergence of the method with the limiting way the numbers involved in an LFCO problem
can be spread along the real line. That “limiting spread” follows from the fact that these
numbers are obtained using only few multiplications/divisions. Observe that for example
the generalized flow problem does not have this property, and we do not know how our type
of analysis could be useful in such a case.

We showed that Newton’s method gives an O(m) iteration algorithm for the transshib-
ment problem when the maximum arc cost is minimized. One iteration in this algorithm is
dominated by the maximum flow computation, so the overall running time is O(m?n). This
improves the upper bound achieved with Megiddo’s parametric search. We believe that the

bound on the number of iterations is O(n), but we have not been able to prove it.

We may have a transshipment network with two cost functions, one related to minimizing
the sum of arc costs and the other to minimizing the maximum arc cost. In the same O(m?n)
time bound we can perform the “double minimization”. To minimize the sum of the arc
costs over the transshipments which minimize the maximum arc cost, we first minimize the
maximum arc cost and get in this way additional capacity constraints. Then we minimize
the sum of arc costs taking into an account these additional constraints. To minimize the

maximum arc cost over the transshipments which minimize the sum of arc costs, we first
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compute a transshipment which minimizes the sum of arc costs, and its dual, and identify

all arcs which have to be saturated in all such transshipments. Then we can minimize the

maximum arc cost of the remaining arcs.
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